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Analytical/Experimental Behavior of Anisotropic Rectangular
Panels Under Linearly Varying Combined Loads

Giulio Romeo¤ and Gianni Ferrero†

Politecnico di Torino, 10129 Turin, Italy

An analytical solution has been obtained for the buckling of anisotropic rectangular panels subjected to several
combinations of uniform shear and linearly varying biaxial in-plane loads. The principle of stationary value of
the total potential energy was used for determining the buckling load of symmetric laminates through the solution
of an eigenvalue problem; clamped and simply supported boundary conditions along edges were introduced into
the analysis. The analytical results are in good agreement with the results concerning isotropic plates and the few
results on in� nitely long anisotropic plates. The buckling load of panels under linearly varying biaxial in-plane
loads is largely in� uenced by the transverse compression load and by the boundaryconditionsalong the four edges.
Because no experimentalresults were found in theopen literature, several tests were carried outona graphite–epoxy
rectangular panel to verify buckling behaviorunder various loadingconditions, 1) uniaxial compression, 2) biaxial
compression, and 3) biaxial compression with uniform load in the longitudinaldirection, and three transverse load
conditions, 1) trapezoidal, 2) triangular, and 3) in-plane bending. The maximum transverse load was of the same
value as the longitudinal compression load; the panel was clamped along the four edges. A numerical analysis
was also carried out by using the MSC/NASTRAN/PATRAN � nite element code. The analytical, numerical, and
experimental results show extremely good correlation.

Nomenclature
Ai j ; Di j = extension and bending stiffness matrices
a; b = plate dimensions in x and y

directions, respectively
Emn = undetermined coef� cients for w
E1; E2; G12 = Young’s and in-plane shear moduli

of the lamina
Kx ; K y = nondimensionalparameters

as de� ned by Eq. (6)
M; N = number of terms in the series for w
Mx ; My = moments per unit length
m; n; p; q = half-wavelength integers
Nx ; N y; Nx y = forces per unit length
Nx cr; Ny cr = buckling load, per unit length,

in x and y directions, respectively
w = out-of-planede� ection
Xm; Yn = characteristic functions for w
®m = m¼=a
¯ = .D12 C 2D66/=.D11 D22/

1=2

¯n = n¼=b
°y; °x = linear coef� cients de� ning the distribution

of in-plane loads
±i ; "i = numerical constants de� ning the

clamped–clamped beam functions
º12 = Poisson’s ratio of the lamina

Introduction

M ANY analytical and experimental results are available in the
literatureon buckling and postbucklingbehavior of compos-

ite panels. Most of the results published concern uniform in-plane
loads applied along the edges.1 In most cases, the experimental re-
sults reported concern uniaxial compression or shear load only; in
very few reports results have been reported for a combination of
biaxial compression and shear load applied simultaneously.2 How-
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ever, a linearly varying load applied along the panel edges (Fig. 1)
has to be taken into considerationin the design of various aerospace
structure elements: box–beam webs, for example, are subjected to
combined in-plane bending, transverse compression (due to crush-
ing loads), and uniform shear; fuselage panels or launch vehicle
structures are also subjected to combined nonuniform loads. Some
research has been carried out in the past on isotropic plates under
these loading conditions.3¡6 The Rayleigh–Ritz method was used
to determine the buckling load. Several interaction curves were ob-
tained for various plate aspect ratios and load combinations, for
both simply supported and clamped boundary conditions. The in-
teraction curves reported indicate great reduction in the buckling
bending stress when a transverse compression load is also applied.
In regard to anisotropic panels subjected to linearly varying com-
bined loads very little documentation is available. By the use of
the Rayleigh–Ritz method, Rao7 evaluated the bucklingbehaviorof
� ber-reinforcedplastic rectangular sandwich panels, with all edges
simply supported, under the combined action of biaxial compres-
sion, in-plane bending and shear. Nemeth8;9 presented an exhaus-
tive parametric study of the buckling behavior of in� nitely long
anisotropicplates. The Rayleigh–Ritz method was used for obtain-
ing the numerous generic buckling-design charts, applicable to a
broadclass of in� nitely long laminate panels. However, the trigono-
metric functions used for satisfying the clamped boundary condi-
tionsalong thetwo longedgesarenotparticularlysuitablefor shorter
rectangular panels.

The principle of stationaryvalue of the total potential energy has
been used in the present paper for determining the buckling load
of symmetric laminated panels that are simply supported, clamped
alongfouredges,or in a combinationof bothconditions.The charac-
teristic clamped–clamped beam functions have been used to satisfy
boundary conditions better. A very good correlation with the few
analytical results found in the literature has been obtained. Because
no experimental results have been found on the loading conditions
plotted in Fig. 1, applied to � nite dimension laminates, the buck-
ling load per unit width has been found for the described loading
pro� les; trapezoidal or triangular compression loads as well as in-
plane bending loads applied on each side gave a good correlation
between analytical, � nite elementmethod (FEM), and experimental
solutions.

Theoretical Analysis
For many engineering applications, the in-plane dimensions-to-

thickness ratio is greater than 35. In such cases, transverse shear
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a)

b)

c)
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e)

Fig. 1 Types of combined loading system applied to panel and
geometry.

deformation will not affect laminate behavior signi� cantly. Within
the hypothesisof the classical lamination theory, by using the usual
constitutive and kinematic relations,1 it is possible to express the
total potential energy of a balanced and symmetric laminate by the
following equation (Fig. 1e):
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where °y and °x are linear coef� cients de� ning the distribution
of in-plane loads, ° D 0 is a uniform load (Fig. 1a), ° D 0:5 is a

trapezoidal load (Fig. 1c), ° D 1 is a triangular load (Fig. 1b), and
° D 2 is an in-plane bending load (Fig. 1d). N0 is the load for each
edge, applied at the bottom of the panel. An index separated by a
comma represents a derivative.

Four kinds of boundary conditions along the edges of the panel
have been studied, satisfying the conditions reported here: 1) ends
clamped-sides clamped (C–C):

x D 0; a: w D w;x D 0; y D 0; b: w D w;y D 0

2) ends simply supported–sides simply supported (S–S):

x D 0; a: w D Mx D 0; y D 0; b: w D My D 0

3) ends clamped–sides simply supported (S–C):

x D 0; a: w D w;x D 0; y D 0; b: w D My D 0

and 4) ends simply supported–sides clamped (C–S):

x D 0; a: w D Mx D 0; y D 0; b: w D w;y D 0

To satisfy the boundary conditions, the out-of-plane de� ection has
been expressed by a series:

w D
MX

m

NX

n

Emn Xm.x/Yn.y/ (2)

where the characteristic Xm and Yn functions assume the follow-
ing expressions for simply supportedor clamped condition, respec-
tively.

Simply supported:

Xm.x/ D sin.m¼x=a/ D sin®m x

Yn.y/ D sin.n¼y=b/ D sin ¯n y (3)

Clamped:

Xm.x/ D cosh."m x=a/ ¡ cos."m x=a/

¡ ±m [sinh."m x=a/ ¡ sin."m x=a/]

Yn.y/ D cosh."n y=b/ ¡ cos."n y=b/

¡ ±n [sinh."n y=b/ ¡ sin."n y=b/] (4)

The constants " and ± have been determined with high precision
(16 digits) to verify the following properties: Xm .0/ D Xm .a/ D
Xm;x .0/ D Xm;x .a/ D 0 and Yn.0/ D Yn .b/ D Yn;y .0/ D Yn;y .b/ D 0.

Fig. 2 Bucklingresults for simply supported orthotropic plates in com-
bined longitudinal in-plane bending and transverse uniform compres-
sion loading.
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Substituting expression (2), with proper boundary condition func-
tions (3) or (4), into Eq. (1) and applying the principle of station-
ary value of the total potential energy with respect to the unknown
coef� cients Emn , we obtain (M £ N ) linear equationssimilar to the
following expression, valid for boundary condition number 4:
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The computer program EMASTER5 was employed for working out
the set of linear algebraic equations (5) in the form of a classical
eigenvalueproblem.By the extractionof the associatedeigenvector,
the buckling mode was also obtained. The EMASTER5 software
operates on a Pentium II personal computer and requires very few
seconds of CPU with 10 £ 10 terms, using FORTRAN software.

Analytical Results
The theoretical results obtained by the present theory were � rst

comparedwith the resultsconcerningisotropicand anisotropicpan-
els found in the literature3¡9 obtaining a very good agreement.
The analytical results obtained for specially orthotropic panels (or-
thotropyparameter¯ D 0:224)underan in-planebendingload in the
longitudinaldirection,° D 2, and a uniformcompressionload in the
transversedirection (Fig. 1d) are shown in Fig. 2 as function of the
plate aspect and orthotropic ratio. The following nondimensional
parameters were introduced:

Kx D

¡
Nx crb2

¢
£
¼ 2.D11 D22/

1
2

¤ ; ky D

¡
N y crb2

¢
£
¼ 2.D11 D22/

1
2

¤ (6)

a)

b)

Fig. 3 Buckling results as function of boundary conditions and plate
aspect ratio for orthotropic plates under a) longitudinal in-plane bend-
ing or b) triangular loading.

It is very clear that transverse compression has a great in� uence on
the longitudinalbending buckling load. Increasing the compression
has the marked effect of decreasing the in-plane bending buckling
load, as well as of decreasing the number of half-waves in the di-
rection of the bending stress.

The effects of boundary conditionsand plate aspect ratio for spe-
ciallyorthotropicpanels subjected to in-planebendingload or trian-
gular load are shown in Fig. 3. As the plate aspect orthotropic ratio
increases up to value one, the buckling load decreases drastically
and the plate buckles into one or two half-waves in the longitudinal
direction, depending on the boundary conditions. Subsequently the
plate buckles into more buckle half-waves, and the buckling load
slightly decreases.

All four boundary conditions were evaluated, and the following
was noted: Panels with sides clamped and ends simply supported
(CCSS), though startingwith bucklingcoef� cients similar to panels
with all edges simply supported (at aspect ratio lower than 0.5),
move toward the buckling coef� cients of panels clamped along the
four edges (CCCC) as panelsbecome longer.The oppositebehavior
occurs in panels with sides simply supported and ends clamped
(SSCC).

The effects of anisotropy for in� nitely long angle ply panels sub-
jected to in-plane bending and uniform shear are shown in Fig. 4,
taken from Ref. 9. The followingmaterials propertieswere used for
the computations: E1 D 127:8 GPa, E2 D 11:0 GPa, G12 D 5:7 GPa,
and º12 D 0:35. It is very clear that by neglecting the anisotropic
terms D16 and D26 in the expression of total potential energy, a
remarkable difference in the buckling coef� cients can be obtained.

Experimental Results
Because no experimental results were found in the open litera-

ture, the test facility built at the Turin Polytechnical University2¡11

(Fig. 5) was implemented to apply the loading conditions plotted
in Fig. 1 to panels with dimensions smaller than 1000£ 700 mm.
The longitudinal load is applied to the panel by two separately con-
trolled servoactuators (A in Fig. 5); a maximum load 250 kN in
compressionand 225 kN in tension can be applied by each actuator.
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The transverse load application system, made up of two separately
controlled servoactuators (B in Fig. 5), � oats so as to not interfere
with the longitudinal and shear load. A maximum load of 100 kN,
in compression as well as in tension, can be applied by each actu-
ator. The shear load is applied to the bottom end of the panel by a
servoactuator(C in Fig. 5). A maximum positiveor negative load of
200 kN can be applied. A displacement control is used to keep the
panel ends parallel to each other, their angular rotation controlled
to zero with an accuracy of 0.001 deg.

Several tests were carried out on a graphite–bismaleimide rectan-
gular panel subjected to different combined loads to verify its buck-
ling behavior. A T800-5250 prepreg tape was used to manufacture
the panelwith the followinglay-up: .452=905=¡452=02=902/2s . The

Fig. 4 Buckling results for in� nitely long angle-ply laminate subjected to longitudinal in-plane bending and uniform shear loading; comparison with
results of Fig. 20 of Ref. 9.

Fig. 5 Testing machine for application of linearly varying combined loading.

panel was vacuum bagged and autoclave cured for 6 h at 177±C and
a pressure of 0.6 MPa. The materials properties used for the com-
putations were experimentally determined to be E1 D 168:7 GPa,
E2 D 8:5 GPa, G12 D 5:9 GPa, and º12 D 0:335.

The usable dimensions of the panel (when inserted in the steel
L-pro� le test � xture), measured 880 mm in length and 580 mm in
width. The panel was clamped along the four edges. To measure
in-plane strains (Fig. 6a), 32 strain gauges, either linear or rosette,
were back-to-back (e.g., 1,2; 3,4; etc.) bonded to the panel. The
out-of-planedisplacementswere recordedby using seven inductive
transducers (Fig. 6b), as well as the shadow-moiré method.

Several sequential tests were carried out on the panel, 1) uni-
axial compression test, 2) biaxial compression test with a ratio of
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Fig. 6 a) Strain gauges location and b) Inductive transducers position-
ing. All dimensions are in millimeters.

a)

b)

c)

d)

e)

f)

Fig. 7 Experimentalresults for a clamped anisotropicpanelunder uniformlongitudinalcompression and trapezoidal transverse compression loading;
applied longitudinal load as a function of strain gauges: a) 27 and 28, b) 31 and 32, c) 1 and 2, d) 13 and 14; e) out-of-plane de� ection along the
longitudinaldirection at several applied loads; and f) experimental shadow-moiré patterns at an applied longitudinal load of 175 kN.

transverse load per unit width to longitudinal load of 0.6, and 3)
biaxial compressionwith uniform longitudinalload and three trans-
verse load conditions: 1) trapezoidal, 2) triangular, and 3) in-plane
bending. The maximum transverse load is of the same value as
the compression load applied longitudinally.The higher transverse
compression load is applied at the bottom of the panel.

The experimental results are shown in Figs. 7–9 for the panel
under loadingconditions3–1, 3–2, and 3–3 described, respectively,
in the precedingparagraph.For each loading condition, the applied
longitudinal load is plotted as a function of strains in the longi-
tudinal direction measured by back-to-back gauges placed in the
upper part (gauges 1 and 2), central part (gauges 13 and 14), and
lower part (gauges 27 and 28) of the panel. Strains measured in the
transverse direction of the panel’s lower part (gauges 31 and 32)
are plotted in Figs. 7–9. Strains measured in the transverse direc-
tion of the panel’s upper part (gauges 5 and 6) are plotted only in
Fig. 9. The experimental critical load at which the panel displayed
buckling was de� ned by the load vs strain curves as the value at
which the transverse membrane strain (gauges 31 and 32) does not
increase further. The qualitative representation of the out-of-plane
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a)

b)

c)

d)

e)

f)

Fig. 8 Experimental results for a clamped anisotropicpanel under uniform longitudinalcompression and triangular transverse compression loading;
applied longitudinal load as a function of strain gauges: a) 27 and 28, b) 31 and 32, c) 1 and 2, d) 13 and 14; e) out-of-plane de� ection along the
longitudinaldirection at several applied loads; and f) experimental shadow-moiré patterns at an applied longitudinal load of 275 kN.

displacement obtained by the shadow-moiré method is reported as
well as furthermore, the out-of-plane de� ections measured by the
transducers along the longitudinal middle section. The continuous
curves plotted were obtained interpolating the experimental results
by using a cubic spline.

When the panel was subjected to longitudinal uniform compres-
sion load and trapezoidal transverse compression load (Fig. 7), the
bottomhalf of the panel displayedbucklingbehaviorat 166.6 kN, as
shown clearly by the constant value of membrane transverse strain
recorded by gauges 31 and 32. The longitudinalmembrane strains,
recorded by gauges 27 and 28, continued to increase, although an
evident surface strain reversal occurred at about the same load. The
upperpart of the panel, however,was still in the prebuckling� eld, as
clearly shown by the longitudinalstrains measured by gauges 1 and
2, while a surface strain reversal started at the maximum applied
load. The panel buckled in two half-waves. Perhaps because of a
slight initial imperfection, the upper wave was not well developed.

Experimental results obtained for the panel subjected to longitu-
dinal uniform compression load and triangular transverse compres-
sion load are shown in Fig. 8; about the same behaviorwas recorded
as for the preceding, test, but for different loads. Because a higher
load was applied, the upper part of the panel evidenced a surface

strain reversal; a measured strain greater than in the previous test
was reached. The panel buckled in three half-waves, each of them
with different out-of-planede� ections.

Experimental results obtained for the panel subjected to longi-
tudinal uniform compression load and in-plane bending transverse
load are shown in Fig. 9. A transverse tensile strainwas measured in
the upperpartof the panel(gauges5 and 6) becauseof the transverse
tensile load applied. Nevertheless, a surface strain reversal (gauges
1 and 2) was starting in the longitudinal direction. The bottom half
of the panel, as seen from the measurements of both transverse and
longitudinal gauges (31 and 32 and 27 and 28), was clearly in the
buckling � eld. The panel buckled in three half-waves, recording its
largest out-of-planede� ections in the bottom part of the panel.

A summary of the buckling results is shown in Table 1, includ-
ing the analytical buckling load obtained by means of the present
theory and the numerical results obtained by the NASTRAN code
(as discussed later). The buckling load of the panel decreased as
we moved from uniaxial compression to uniform biaxial compres-
sion (a 17% reduction). A 26% reduction of the buckling load was
recorded when the trapezoidal load was applied transversally.With
respect to the uniform biaxial compression test, however, the maxi-
mum transverseload appliedgave the same valueas the longitudinal
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Table 1 Analytical, experimental, and FEM longitudinal buckling load Px (kN) of the panel
under different combined loads (°y = 0)

Applied load EMASTER5 NASTRAN

Nx0=Nx0 Ny0=Nx0 °x S–S C–C C–S C–C C–S Experimental

¡1 0 0 ¡108.9 ¡222.4 ¡194.6 ¡247.5 ¡212.9 ¡225.4
¡1 ¡0.6 0 ¡71.9 ¡177.9 ¡163.8 ¡198.7 ¡179.3 ¡186.5
¡1 ¡1 0.5 ¡62 ¡166.3 ¡150.0 ¡158.6 ¡142.6 ¡166.6
¡1 ¡1 1 ¡72.5 ¡180.2 ¡157.3 ¡176.2 ¡153.4 ¡176.4
¡1 ¡1 2 ¡88.5 ¡205.8 ¡170.3 ¡195.7 ¡158.7 ¡196.0

a)

b)

c)

d)

e)

f)

Fig. 9 Experimental results for a clamped anisotropic panel under uniform longitudinal compression and in-plane bending transverse loading;
applied longitudinal load as a function of strain gauges: a) 27 and 28, b) 31 and 32, c) 1 and 2, d) 5 and 6; e) out-of-plane de� ection along the
longitudinaldirection at several applied loads; and f) experimental shadow-moiré patterns at an applied longitudinal load of 275 kN.

load. Both the triangular and the in-plane bending load (applied
transversally) again increased the buckling load with respect to
the trapezoidal load. A 22% reduction and a 13% reduction, re-
spectively,were recorded,as compared to the uniaxial compression
test.

Comparison Between Analytical, Numerical,
and Experimental Results

Various analyticaland numerical results havebeen obtained from
the panel tested under different load and boundary conditions. The

theoretical analysis reported earlier and the EMASTER5 program
were used for obtaining the analytical results. The load at which
buckling is bound to occur is reported in Table 1. Three kinds of
boundary conditions along the edges of the panel were considered:
ends and sides simply supported, ends and sides clamped, and ends
simply supported and sides clamped.

The MSC/NASTRAN � nite element code was used, in conjunc-
tion with the MSC-PATRAN code as prepost processor, for ob-
taining the numerical results. The panel was modeled with 5336
elements, each de� ned by 8 nodes, CQUAD8 type. The upper end
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Fig. 10 Theoretical (EMASTER5) and numerical (NASTRAN) out-of-plane de� ection for a clamped anisotropic panel under uniform longitudinal
compression and trapezoidal transverse compression loading.

Fig. 11 Theoretical (EMASTER5) and numerical (NASTRAN) out-of-plane de� ection for a clamped anisotropic panel under uniform longitudinal
compression and triangular transverse compression loading.
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Fig. 12 Theoretical (EMASTER5) and numerical (NASTRAN) out-of-plane de� ection for a clamped anisotropic panel under uniform longitudinal
compression and in-plane bending transverse loading.

of the panel has no translation, whereas the lower end moves. Out-
of-plane de� ection was not allowed along the four edges, nor was
rotation allowed along the four edges when all were clamped (only
along two sides in the second case reported in Table 1). A very
good correlation was obtained between analytical and numerical
results when the panel was subjected to a linearly variable load.
A difference of up to 10% was obtained when a uniform load was
applied to the panel.From the comparisonbetween the presentanal-
ysis, the MSC/NASTRAN, and the experimental results (reported
in Table 1), it is obvious that a very good agreement occurs when
the panel is considered clamped along the four edges. A difference
of up to 10% was recorded with respect to the numerical result only
when the panel was subjected to uniaxial compression.

The out-ofplanede� ectionsof the panelunderuniformlongitudi-
nal compressionand linearlyvaryingtransverseloadsare reportedin
Figs. 10–12. The axonometric views and de� ections along the lon-
gitudinal middle section (as obtained by EMASTER5 as well as by
the NASTRAN code) are shown in Figs. 10–12. The experimental
out-of-planede� ections have already been shown in Figs. 7–9.

When subjected to longitudinal uniform compression load and
trapezoidal transverse compression load (Fig. 10), the panel buck-
les in two half-waves; naturally a higher de� ection is obtained in
the bottom part of the panel because of the higher applied trans-
verse compression load. Exactly the same behavior was obtained
through the present theory and the NASTRAN code. The experi-
mental de� ection (Fig. 7), however, differs slightly from the theo-
retical results. Perhaps due to a slight initial imperfection, the upper
wave was not well developed, but seemed to be increasing at the
maximum applied load.

Also, when subjected to longitudinal uniform compression load
and triangular transverse compression load (Fig. 11), the panel
should buckle in two nonsymmetric half-waves, the computation
by both codes giving exactly the same behavior. The experimental
out-of-plane de� ection (Fig. 8), however, differs from the theoret-
ical results, recording a three half-wave buckling shape. Note that
this buckling shape was also analytically obtained by both codes
when the panel has ends simply supported and sides clamped.

When subjected to longitudinal uniform compression load and
in-plane bending transverse load (Fig. 12), the panel should buckle
in three half-waves, with a very little out-of-planede� ection in the
upperpartof the panelwhere the tensileload is appliedtransversally.
Exactly the same behavior was obtained by both the EMASTER5
and the NASTRAN codes. The experimental de� ection (Fig. 9)
differs slightly from the theoretical results. Possibly because of the
methodused for interpolatingthe experimentaldata, the upperwave
was observed to be larger than the value predicted analytically.

Conclusions
An analytical solution was obtained for panels clamped or sim-

ply supported along their edges when subjected to linearly variable
edge loads. The buckling load was determined by the principle of
stationary value of total potential. From the comparison with the
few results found in the literatureand with the numerical and exper-
imental results obtained for the � rst time with the device specially
developed at our university, it is possible to con� rm the accuracy
of the method. The many results obtained show how the buckling
load of panels subjected to trapezoidal, triangular,and bending load
is largely in� uenced by the transverse compression load and by the
boundary conditions along the four edges. Further research may be
directed to tests in which also a shear load is applied to the panel.
Before this can be attempted, a new panel needs to be manufactured
with the proper design of the corners.
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